ABSTRACT. Elementary version of moving frame method is applied to the symmetries and equivalences of second-order difference equations. Close links to the web theory and Riemannian geometry are established.
The point equivalence of difference equations
We discuss the equation
of a certain given order N (N = 1, 2, . . .) where u k ∈ R (k ∈ Z) is the unknown sequence and f n are smooth real-valued functions. Let us apply the invertible substitution
whereû n ,v n are smooth functions. The transformed equation
appears where the (equivalent) identitieŝ u n+N (g n ) = f n (û n , . . . ,û n+N −1 ),v n+N (f n ) = g n (v n , . . . ,v n+N −1 )
hold true. If transformation formulae (2) are given, identities (4) provide a quite simple interrelation between equations (1) and (3) . Let us however conversely suppose that equations (1) and (3) are given in advance and we ask if there exists a substitution (2) satisfying (4) . This is the point equivalence problem. It is not easy to solve this problem and we will apply a geometrical approach, namely the Cartan's moving frames. For this aim, let us rephrase the point equivalence problem in geometrical terms.
Underlying spaces and mappings
We introduce the infinite-dimensional spaces U and V with coordinates respectively. Let the mapping Γ : V → U and its inverse be defined by the (common) pullbacks of coordinates
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Identities (4) read
where we have (a little artificially at this place) denoted
ËÙÑÑ ÖÝ 2.1º Formulae (5), (6) , (7) identify the point equivalenceû n ,v n (n ∈ Z) of difference equations (1), (3) defined by (2) , (4) with a certain mapping Γ between infinite-dimensional spaces.
The problem will be reduced to finite dimension and interpreted by webs.
The web equivalence
Let n ∈ Z be fixed (for a long time to follow). We introduce spaces U n and V n with coordinates
respectively. Then Γ defined by (5) may be regarded as mapping Γ : V n → U n as well. This mapping Γ transforms every hypersurface v k = c k = const. (k = n, . . . , n + N − 1) of the space V n into the hypersurface u k = C k =û k (c k ) and every level set g n (v n , . . . , v n+N −1 ) = c = const. lying in V n into the level set f n (u n , . . . , u n+N −1 ) = C = h n (c) lying in U n . So we find ourselves in the realm of classical differential geometry, the web theory. See the figure for the particular case N = 2.
Alternatively saying, every Pfaffian equation
is transformed into the corresponding Pfaffian equation
In alternative and more explicit terms, we have identities
by using (5) and (6) .
ËÙÑÑ ÖÝ 3.1º
The finite segmentŝ
of the point symmetries (of the total mapping Γ) are characterized by the selfcontained identities (8) with (as yet uncertain) coefficientsû k , h n .
This equivalence problem of Pfaffian equations will be replaced by the problem of equality of certain Pfaffian forms in an extended space.
The moving frames
Let us adjoin additional variables (parameters) a n , . . . , a n+N −1 , a and
to the spaces U n and V n , respectively. (In rigorous terms, we consider spaces U n × R N +1 and V n × R N +1 with additional coordinates in the second factors.) We introduce differential forms, the moving frames,
If the transformation Γ is appropriately extended to additional variables (9), then the invariance identities
hold true. Indeed, equations (8) uniquely determine the extension
of the primary formulae (5) to the additional variables. (12) is sufficient. This is the crucial philosophy of moving frames: explicit formulae (12) with uncertainû k , h n are in fact misleading and will not be employed in future.
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Ì ÓÖ Ñ 4.1º The mapping Γ: V → U given by
is a point equivalence between equations
if the functional equations
are satisfied for every n ∈ Z. These requirements can be expressed by the sequence of web equivalence problems for the fragments Γ:
The web equivalence is expressed in terms of moving frames by the invariance
with additional variables (9). P r o o f. The primary equivalence requirements (4) were expressed by conditions (6), (7) for the mapping Γ and then by the equivalence (under the mapping Γ) of the corresponding Pfaffian equations
for every n ∈ Z. With the use of additional variables (9) and appropriately extended Γ, the last equivalence turns into the equalities (11) of Pfaffian forms.
At this stage, the classical mechanisms of moving frames may be comfortably applied. We employ quite simple and self-contained approach here. Identities (11) will be repeatedly adjusted and completed. We obtain much more invariance identities (in particular even invariant functions) and the family of additional variables will be essentially reduced.
The second-order case
For the sake of better clarity we suppose N = 2 from now on, especially k = n, n + 1 in formulae (10) and (11). Recall that n ∈ Z is kept fixed and so we may formally abbreviate
in order to delete certain unpleasant indices. We deal with the (extended) mapping Γ (or: Γ * ) between spaces
The mapping is defined by (important) formulae (5) and (useless) formulae (12). Let us pass to the calculations. Clearly
and analogously for the form β = bdg. It follows that
by using (11). We introduce subspaces (interrelations between additional parameters) defined by
(We suppose f u k , g v k = 0 here, otherwise the webs may be regarded as singular in a certain obvious sense.) On these subspaces, we have coordinates
together with the restricted differential forms
(Moreover α = α n +α n+1 , β = β n +β n+1 but these forms will be useless from now on.) The mapping Γ preserves the restriction. It may be regarded as a mapping between spaces (13). Invariance (11) is preserved. Continuing calculations, (11) implies Γ * dα k = dβ k . However
directly follows from (14) where the forms
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are uniquely determined. We conclude that
However
and analogously for the form dζ = b
On this occasion, let us state alternative formula
which is rather useful. In order to obtain (20), insert
into the primary expression (18 2 ). Altogether taken, our achievements are as follows.
Ì ÓÖ Ñ 5.1º For the particular case of the second-order difference equation, the web equivalence Γ for a fixed level n ∈ Z satisfies the invariance
in the spaces (13). The invariance moreover implies the identities
the forms (16) and coefficients A, B of the form (20).
Remark 5.1º Close links to Riemannian geometry are worth mentioning. Let us recall the classical Gauss curvature
It follows that coefficient A given by (16 2 ), (18 2 ) may be regarded as a "Gauss curvature" to the conformal metrics
with uncertain parameter, see the "structural equations" (15 1 ), (18) in the plane of variables u n , u n+1 (fixed n ∈ Z). The uncertain factor a will be deleted in Section 9 and then we find ourselves in the realm of classical Riemannian geometry.
Remark 5.2º
Recall that the frames are applied to the mapping Γ : V n → U n (the restriction of Γ : V → U) where n ∈ Z is kept fixed. We have temporarily abbreviated f = f n , however, all results (namely ζ, ξ, A, B, A, B) are in fact depending on this n ∈ Z which will be appropriately restored at the relevant place.
Two subcases should be distinguished: either A = 0 or A = 0.
First subcase: the zero curvature
Continuing with n fixed, assume A = 0 hence B = 0 identically. This is the case if and only if f = ϕ(p(u n ) + q(u n+1 )) (21) for appropriate functions ϕ, p, q, use (20) for the proof. We moreover suppose ϕ , p , q = 0 in order to ensure f u n , f u n+1 = 0. Analogously, let
It follows that
by using (14) and (16).
The invariance formula (17 1 ) reads dΓ * ln aϕ = d ln bψ whence
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for appropriate constant C. Then (11 1 ) simplifies as
ËÙÑÑ ÖÝ 6.1º
We have formulae
(D, E ∈ R) which completely determine the web equivalence Γ: V n → U n for a fixed n ∈ Z.
Continuation: the difference equations
Assuming the zero curvatures A = B = 0, let us return to the primary point equivalence problem, therefore n is not fixed, all the finite segment solutions Γ: V n → U n must be simultaneously taken into account and some lower indices n need the restoration. In more detail, the more precise formula
replaces the previous equations (21), (22). With this precise notation, equations
replace (25). As a novelty, the crucial requirement (6) with "uncertain" functions h n , k n must be replaced by the precise (equivalent) equationŝ
by using the true values (7) of functions h n , k n . We will employ only the first equation which readŝ
by using (26 1 ) and (27). The results are as follows.
Ì ÓÖ Ñ 7.1º Formulae n ∈ Z,
completely describe all point equivalences (5) between equations (1) and (3) with identically vanishing curvatures. Alternatively saying, transformation (5) is a point equivalence if and only if these identities are satisfied for appropriate choice of constants
We have a highly overdetermined system (27), (28) and neither the existence nor the uniqueness of the sought equivalence (5) are as yet ensured.
Continuation: particular examples
The above results can be mechanically applied. So we only briefly mention a few examples also occurring in [5] where quite other methods were applied with the resulting infinitesimal symmetries. We deal only with the symmetries, the equation is transformed into itself.
(ι) The linear equation. Let us suppose
where A n = 0, B n+1 = 0 are given constants. We have equation (26) with functions
Identities (27) read
Then (28) reads
which provides the recurrence
ËÙÑÑ ÖÝ 8.1º
Since C = 0, K 0 and K 1 may be arbitrarily chosen, we obtain a three-parameter group of linear symmetries.
(ιι) A simple nonlinear equation. Let us consider the equation
and analogous equation for v n+2 . So we have equations (26) with functions
and its follows that
Then (28) reads
ËÙÑÑ ÖÝ 8.2º
Since C = 0, D 0 and D 1 may be arbitrarily chosen, we again obtain a three-parameter group of symmetries.
(ιιι) A more involved example. Let us choose the equation
with f n = f independent of n and analogous equation for v n+2 . Then A = 0 identically whence
for appropriate functions ϕ, p, q. One can prove the formulae
(Hint. Clearly
where n is kept fixed for a moment. Let us denote h = ln |g|. Then
and therefore h(u, w) =φ(p(u) +q(w)) for appropriate functionsφ, p,q. Then
and moreover the identity h(u, 0) =φ(p(u)) =φ(arctg u) = ln 1 u determinesφ(t) = ln (|1/ tg t|) = ln |ϕ(t)| whence ϕ(t) = 1/ tg t. The above mentioned formulae for the functions g and f immediately follow.) With these results, explicit formulae for a three-parameter group of symmetries can be obtained as in the previous example by applying Theorem 7.1 and we refer to [5] for more details and quite other approach.
Second subcase: the nonvanishing curvature
We return to the last sentence of Section 5, to the web theory with fixed n ∈ Z and let us deal with nonvanishing curvatures A, B = 0 from now on. Then the invariance equation (19) is nontrivial. In accordance with the general algorithm of moving frames, let us introduce subspaces defined by
of the underlying spaces (13), respectively. On the subspaces, only coordinates u n , u n+1 and v n , v n+1 remain. In terms of these coordinates, we have the restricted differential forms
instead of previous forms (14) and moreover
instead of forms (16). The invariance (11), (17) is preserved. Since we are in two-dimensional space, we may put
with certain functions I, J of variables u n , u n+1 and functions K, L of variables
as follows from the invariance properties of all differential forms in (31). The identity
following from (15) and (18) implies that they are nonconstant. We have proved the following assertion.
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Ì ÓÖ Ñ 9.1º For the case of nonvanishing curvatures A, B = 0, we have invariant forms
and moreover nontrivial invariants defined by
for every integer n ∈ Z.
With this result, we may return to the primary difference equation, therefore n ∈ Z is variable and some as yet lacking indices should be restored. In particular, we obtain invariants I n , J n (functions of u n , u n+1 ) and K n , L n (functions of v n , v n+1 ). The invariants look rather complicated even in quite simple particular examples, however, some reasonable achievements can be obtained by a somewhat tricky arguments to follow.
Continuation: two particular examples
Let us deal with the equation
where a n , . . . , d n ∈ R are given constants. We again begin with the webs and let therefore n ∈ Z be fixed. Denoting
e n = (a n F
, by direct calculation using (16 2 ), (20). The curvature A is not identically vanishing if
which is supposed from now on. Continuing in this way, one can also obtain rather complicated formulae for forms α k , ξ (k = n, n+1) and for invariants I, J. They are needful for the investigation of general equivalence problems. In the symmetry problem and particular equivalence to follow, the clumsy calculations will be avoided. Let us return to the primary equivalence problem of difference equations, therefore let n ∈ Z be variable from now on.
(ι) The symmetry problem. We introduce the couterpart equation
with the same coefficient as in (33). Then the functions ∂g n /∂v n , . . . , B, B corresponding to equations (34)-(36) are given by exactly the same formulae as (34)-(36), however, with G n instead of F n . The same remark can be made concerning forms β n , ζ and invariants K, L. In particular I (and J) is clearly a function of F n and depends on this argument exactly in the same manner as K (and L, respectively) depends on G n . It follows that the invariance
In more detail, we have proved the invariance identity
Then formulae (34) and the invariance (29) imply Γ * du n = dv n whence
We moreover recall the fundamental identity (4 1 ). Altogether taken, invariance (38) together with (39) imply
and then (4 1 ) gives the recurrence
Conditions (40) and (41) are compatible if and only if 
with different coefficients.
Formulae for functions like B, B and invariants K, L that correspond to equation (43) are analogous as for functions A, A, I, J but with different coefficients. It follows that invariance Γ * I = K (or Γ * J = L) implies only a certain functional dependence Γ * F n = H n (H n ). In more detail, certain identities with (unknown) composed functions Γ * (c n u n + d n u n+1 ) = H n (r n v n + s n v n+1 ) (n ∈ Z)
surely exist. At this place, we recall the webs with zero curvature of Section 6. Let us consider complementary web problem, namely the current identities (5) completed with (44). Identity (44) is a mere particular case of (6 1 ) with linear functions f n = c n u n + d n u n+1 and g n = r n v n + s n v n+1 . The complementary web problem clearly has zero curvature and results of Section 6 may be applied: we conclude that
with appropriate constants C n = 0 and E n . It follows that H n is a mere linear function, therefore (44) reads
where h n = 0, k n ∈ R are constants. This implies
The fundamental identity (4 1 ) is expressed by the equation C n+2 v n+2 + E n+2 = a n (C n v n + E n ) + b n (C n+1 v n+1 + E n+1 ) + 1 h n H n + k n with (43) inserted for v n+2 . Then the requirements k n = 0, C n+2 p n = a n C n , C n+2 q n = b n C n+1 , C n+2 = 1/h n , E n+2 = a n E n + b n E n+1 (47) follow. Recall that C k , E k , h k (k ∈ Z) are unknown constants. Requirements (46), (47) are compatible if (42) and moreover the conditions a n r n q n d n = b n s n p n c n (n ∈ Z) 
